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On the spectrum of a Robin Laplacian in a planar waveguide
Alex F. Rossini
Abstract
We consider the Laplace operator in a planar waveguide, i.e., an infinite two-dimensional
straight strip of constant width, with particular types of Robin boundary conditions. We study
the essential spectrum of the corresponding Laplacian when the boundary coupling function
has a limit at infinity. Furthermore, we derive sufficient conditions for the existence of discrete
spectrum.
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1 Introduction
There are different ways of confining a quantum particle in long and thin structures, the so-
called quantum waveguides in suitable subsets Ωǫ of the space R
3 or the plane R2 [6, 14, 13, 15,
7, 19]. A usual possibility, in two dimensions, is to model the waveguide by a curved strip of
constant width which is squeezed between two curves; in this region one considers the Laplacian
subject to Dirichlet [6, 8, 14], Neumann [11, 7] or Robin boundary conditions [5, 12, 16].
Our main interest in this paper is to describe the precise location of the essential spectrum of
a Robin Laplacian −∆Ωǫα , and study the existence of eigenvalues below the essential spectrum,
in a straight quantum waveguide Ωǫ; see [3, 12, 16, 20] for related references.
The description of the model here studied is as follows. Given a positive number ǫ, consider
the infinite straight strip Ωǫ = R × I, where I = (0, ǫ) is a bounded interval. The operator
−∆Ωǫα acts as the Laplacian in the Hilbert space L2(Ωǫ) with certain Robin conditions at the
boundary ∂Ωǫ. More specifically, given a bounded real-valued function α(x) on R, the classical
version of such conditions are

−∂ψ
∂y
(x, 0)− α(x)ψ(x, 0) = 0
∂ψ
∂y
(x, ǫ) + α(x)ψ(x, ǫ) = 0
, (1)
for each x ∈ R and each ψ ∈ dom(−∆Ωǫα ). A related type of boundary conditions has been
considered in [16]; there the author has investigated spectral properties of the Laplacian by
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imposing (usual) Robin conditions, i.e., without changing the sign of the Robin parameter α
as in (1), whose classical version are

−∂ψ
∂y
(x, 0) + α(x)ψ(x, 0) = 0
∂ψ
∂y
(x, ǫ) + α(x)ψ(x, ǫ) = 0
, (2)
where α(x) is positive for all x ∈ R. Considering this case and under the hypothesis that α
tends to a constant at infinity, the essential spectrum of the Laplacian was determined and
a sufficient condition for the existence of discrete spectrum was given. The strategy in [16]
to prove the existence of at least one isolated eigenvalue, below the threshold of the essential
spectrum, was a variational one based on [8], and the method of Neumann Bracketing was
employed to find the location of the essential spectrum.
It is a question here whether there are any similar results when one chooses our boundary
conditions (1). This change of sign of the Robin parameter leads to nonpositive quadratic
forms and, in this context, we were able to get similar results as in [16]. Note that here the
location of the essential spectrum was obtained by means the an idea in [2].
Let −∆Ωǫα denote the Laplacian with dom (−∆Ωǫα ) = {ψ ∈ H2(Ωǫ) ;ψ satisfies (1)}. Note
that −α20 is the first eigenvalue of the Laplacian −∆Iα0 in L2(I) with ψ(x) ∈ dom(−∆Iα0) if
φ ∈ H2(I) and satisfying {
−ψ′(0)− α0ψ(0) = 0
ψ′(ǫ) + α0ψ(ǫ) = 0
. (3)
We are going to show that, under some conditions as lim|x|→+∞(α− α0) = 0,
σess(−∆Ωǫα ) = σess(−∆Ωǫα0 ) = [−α20,+∞)
and
σ(−∆Ωǫα ) ∩ (−∞,−α20) 6= ∅.
The operators are introduced as the unique self-adjoint operators associated with appropri-
ate quadratic forms and the boundary conditions should be understood in the sense of traces
(see more details in Sections 2 and 3).
The paper is organized as follow. In Section 2 we introduce a Robin Laplacian in a bounded
interval (transversal section), show that its essential spectrum is empty and explicitly compute
its eigenvalues. The change of sign of the Robin parameter α leads to a negative first eigenvalue
(and equal to −α2), whereas all the others are positive. In Section 3 we pass to the corre-
sponding study in an infinite straight and narrow strip. We show, via quadratic forms, that
the operator −∆Ωǫα is self-adjoint (Theorem 3.6). Finally, in Section 4, we find the essential
spectrum of such Robin Laplacian operator, and gives sufficient conditions for the existence of
discrete spectrum.
2 Transversal Robin Laplacian
Initially some results will be presented to our Robin Laplacian in the interval (transversal
section) I = (0, ǫ); they will be important ahead. Here, we find that the Laplacian operator
−∆Iα (classic) in L2(I) is self-adjoint by using the theory of quadratic forms.
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Consider the operator
−∆Iα : dom (−∆Iα)→ L2(I),
with dom(−∆Iα) = {ψ ∈ H2(I) ;ψ satisfies (4)},{
−ψ′(0)− αψ(0) = 0
ψ′(ǫ) + αψ(ǫ) = 0
. (4)
Let bα ≥ −|α|2 be the closed sesquilinear form H, with domain dom bα = H1(I) ⊑ L2(I),
bα(φ, ψ) =
∫ ǫ
0
φ′(y)ψ′(y) dy + α
(
φ(ǫ)ψ(ǫ)− φ(0)ψ(0)).
Theorem 2.1 Let α ∈ R − {0}. Then, the (negative) Laplacian operator −∆Iα is the unique
self-adjoint operator associated with the sesquilinear form bα, that is,
bα(φ, ψ) = (φ,−∆Iαψ),
for each φ ∈ dom bα, and ψ ∈ dom (−∆Iα).
Proof. We will first prove that bα is closed and lower bounded. Denote by ‖ ‖ the norm in
L2(I); we have that
bα(φ) ≥ −|α|2‖φ‖2 , ∀ φ ∈ dom bα.
Indeed, first note that for all a > 0 we have 2‖φ′‖ ‖φ‖ ≤ a2‖φ‖2+ 1a2 ‖φ′‖2. If φ ∈ dom bα, then
(
|φ(1)|2 − |φ(0)|2
)
=
∫ 1
0
d
dx
|φ|2 dx =
∫ 1
0
(φ′φ+ φ′φ) dx
≤ 2‖φ′‖‖φ‖ ≤ a2‖φ‖2 + 1
a2
‖φ′‖2.
Consequently,
bα(φ) ≥
(
1− |α|
a2
)
‖φ′‖2 − |α|a2‖φ‖2.
Choosing a =
√|α| , we obtain bα(φ) ≥ −|α|2‖φ‖2. Note that by choosing a =√2|α|, we will
have
bα(φ) ≥ 1
2
‖φ′‖2 − 2|α|2‖φ‖2. (5)
By inequality (5) and since H1(I) ⊂ C[0, ǫ], with continuous injection, it follows that bα is
closed.
Denote by Tbα the unique self-adjoint operator associated with the form bα, then Tbα = −∆Iα
with domTbα = dom(−∆Iα). Indeed, if ψ ∈ dom (−∆Iα) then, by integration by parts, we
have the equality bα(φ, ψ) = (φ,−ψ′′)L2(I); whence we obtain Tbα |dom (−∆Iα) = −∆Iα, because
dom(−∆Iα) ⊆ domTbα , and so Tbα = −∆Iα.
Let ψ ∈ domTbα and η := Tbαψ ∈ L2(I) then (φ, η)L2(I) = bα(φ, ψ), i.e,∫ ǫ
0
φ¯η dx =
∫ ǫ
0
φ¯′ψ′ dx+ α
(
φ¯(ǫ)ψ(ǫ)− φ¯(0)ψ(0)
)
. (6)
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Following the ideas in [17], Example VI. 2.16, let z ∈ H1(I) a primitive of η, i.e., z′ = η , then∫ ǫ
0
φ¯η dx =
∫ ǫ
0
φ¯z′ dx = −
∫ ǫ
0
φ¯′z dx+
(
φ¯(ǫ)z(ǫ)− φ¯(0)z(0)
)
. (7)
Comparing (6) and (7) the equality∫ ǫ
0
φ¯′(ψ′ + z) dx+ φ¯(ǫ)[αψ(ǫ) − z(ǫ)] + φ¯(0)[−αψ(0) + z(0)] = 0, ∀ φ ∈ H1(I), (8)
holds true. In particular, if φ ∈ C∞0 (0, ǫ) then
∫ ǫ
0
φ¯′(ψ′+ z) dx = 0, so, ψ′+ z = c a.e x ∈ I.
Therefore, ψ ∈ H2(I), because ψ′ = c− z ∈ H1(I). Moreover, ψ′′ = −z′ = −η and{
ψ′(0) + z(0) = c
ψ′(ǫ) + z(ǫ) = c
. (9)
Thus, only remains to verify the Robin condition for ψ, and will follow the inclusion
domTbα ⊆ dom(−∆Iα). Finally, if we replace (ψ′ + z) = c in (8) and use integration by
parts we deduce
φ¯(ǫ)[c+ αψ(ǫ) − z(ǫ)] + φ¯(0)[−c− αψ(0) + z(0)] = 0, ∀ φ ∈ H1(I). (10)
Since φ is arbitrary and in view of (9) the desired conclusion follows. 
Remark 2.2 Note that Theorem 2.1 holds for α = 0, i.e., the Laplacian −∆IN with Neumann
condition, which is the operator associated with
bN (φ) =
∫ ǫ
0
|φ′|2 dy,
dom bN = H
1(I) and dom (−∆IN ) = {ψ ∈ H2(I), ψ′(0) = ψ′(ǫ) = 0}. In addition, we know
that the eigenvalues of −∆IN rearranged in an ascending order are given by
λN0 = 0, λ
N
n =
n2π2
ǫ2
, with n ∈ N.
The corresponding normalized eigenfunctions are:
ψNn (y) =


√
1
ǫ , if n = 0,√
2
ǫ cos
(
nπy
ǫ
)
, if n ≥ 1
. (11)
The sequence {ψNn }∞n=1 is a orthonormal basis of L2(I) and since λNn → ∞ when n → ∞,
we have that the essential spectrum σess(−∆IN ) of operator −∆IN is empty. Therefore, the
spectrum σ(−∆IN ) of operator −∆IN is equal to discrete spectrum σdisc(−∆IN ), that is,
σ(−∆IN ) = σdisc(−∆IN ) = {λNn }∞n=0.
For future reference, let ψDn (x) =
√
2
ǫ sin
(
(nπy)/ǫ
)
, n ≥ 1, the normalized eigenfunctions
associated with the Dirichlet Laplacian −∆ID, i.e., the operator associated with the quadratic
form
bD(φ) =
∫ ǫ
0
|φ′|2 dx,
dom bD = H
1
0 (I) and dom (−∆ID) = {ψ ∈W 2,2(I), ψ(0) = ψ(ǫ) = 0}. See [19] for more details.
4
2.1 Absence of Essential spectrum
Here we determine the essential spectrum of our transveral Robin Laplacian operator ∆Iα.
Inspired by [18], see section (6.2), we will conclude that σess(−∆Iα) = ∅. To prove this fact, we
need the following result (Lemma 2.3 ahead) from [17] Theorem V.2.20.
Lemma 2.3 Let {ψNn }∞n=0 be a complete orthonormal family in H (Hilbert space) and let
{ψn}∞n=0 be a sequence such that
∑∞
n=0 ‖ψn−ψNn ‖22 <∞. Then, ψn is a basis of H, and so, if
0 =
∑∞
n=0 c
ψ
nψn, then all c
ψ
n = 0.
We will see in the next lemma, that the elements
ψ0(y) = ce
−αy, ψn(y) =
nπ
(n2π2 + α2ǫ2)1/2
(
ψNn −
αǫ
nπ
ψDn
)
, n ≥ 1
consist of an orthonormal basis of L2(I). Moreover, in Subsection 2.2, theses elements are
shwon to be eigenvectors of −∆Iα, associated with the eigenvalues, respectively,
λ0 = −α2 and λn = (n2π2)/ǫ2, n ≥ 1.
Lemma 2.4 The sequence {ψn}∞n=0 is a complete orthonormal family in L2(I).
Proof. Indeed, given φ ∈ L2(I) and ψ =∑∞n=0 cψnψn it follows that
(φ, ψ)L2(I) = lim
m→∞
(φ,
m∑
n=0
cψnψn)L2(I). (12)
For ψ = 0 and φ = ψk, it follows by (12) and orthogonality that c
ψ
k = 0, for each k = 0, 1, ...
On the other hand, we have
∞∑
n=0
‖ψn − ψNn ‖2L2(I) <∞.
Indeed, for n ≥ 1, we have
‖ψn − ψNn ‖2L2(I) = 2−
2nπ√
n2π2 + α2ǫ2
→ 0, n→∞.
Since the function f(x) = 2 − 2xπ√
x2π2 + α2ǫ2
is decreasing and
∫∞
1
f(x) dx < ∞, the integral
test for convergence give us that Σ∞n=1f(n) < +∞, consequently,
∑∞
n=0 ‖ψn − ψNn ‖2L2(I) is
convergent. Therefore, by Lemma 2.3, the desired result follows. 
Theorem 2.5 Let us suppose α ∈ R − {0}, then the transversal Robin Laplacian −∆Iα has
purely discrete spectrum, i.e., the essential spectrum σess(−∆Iα) of operator −∆Iα is empty.
Proof. By Theorem 11.3.13 in [4], it follows that σess(−∆Iα) = ∅, since the sequence {ψn}∞n=0
is a orthonormal basis of L2(I) and λn →∞ when n→∞. Therefore,
σ(−∆Iα) = σdisc(−∆Iα) = {λn}∞n=0.

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2.2 Point spectrum of the transversal Laplacian
To obtain the point spectrum of −∆Iα, let us to determine λ ∈ R for which there exists
0 6= ψ ∈ H2(I), normalized in L2(I), satisfying
− ψ′′ = λψ (13)
and the boundary conditions (α 6= 0),{
−ψ′(0)− αψ(0) = 0
ψ′(ǫ) + αψ(ǫ) = 0
. (14)
If λ > 0 we know that the general solution (classic) of (13) is given by
ψ(x) = A sin(
√
λx) +B cos(
√
λx), (15)
with A,B ∈ C determined by the Robin condition and the normalization condition. Thus, by
imposing the Robin conditions on the general solution we obtain the following system[ √
λ α√
λ cos(
√
λǫ) + α sin(
√
λǫ) α cos(
√
λǫ)− λ sin(√λǫ)
] [
A
B
]
= 0 . (16)
Since we are interested in nonzero solution, we must impose that the determinant of the above
matrix is zero. This requirement enables us to obtain λ explicitly:
(α2 + λ) sin(
√
λǫ) = 0,
i.e.,
λ = −α2 or λ = n
2π2
ǫ2
, n ∈ Z.
Since the system (16) is equivalent to the equation
√
λA+αB = 0, we can express A in function
of B, i.e, A = − α√
λ
B. Therefore, the corresponding eigenfunction to λ = n
2π2
ǫ2 , n ≥ 1, is given
by
ψn(x) = B
(
− αǫ
nπ
sin
(
(nπx)/ǫ
)
+ cos
(
(nπx)/ǫ
))
,
with 1 = |B|2ǫ
[
1
2
(
1 + α
2ǫ2
n2π2
)]
.
Next, for n ≥ 1 and choosing B > 0 we have
ψn(x) =
nπ
(n2π2 + α2ǫ2)1/2
(√
2
ǫ
cos
(
(nπx)/ǫ
)− αǫ
nπ
√
2
ǫ
sin
(
(nπx)/ǫ
))
,
one still has the following,
ψn(x) =
nπ
(n2π2 + α2ǫ2)1/2
(
ψNn −
αǫ
nπ
ψDn
)
,
with ψDn :=
√
2
ǫ sin
(
(nπx)/ǫ
)
, n ≥ 1. Recall that ψDn are the eigenfunctions of −∆ID, the
Laplacian operator with Dirichlet boundary condition at the interval I.
Suppose that λ < 0, then the general solution is of the form
ψ(x) = Ae
√
µx +Be−
√
µx,
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with µ = −λ. Imposing the boundary conditions we obtain the system[ √
µ+ α α−√µ√
µe
√
µǫ + αe
√
µǫ αe−
√
µǫ −√µe−√µǫ
][
A
B
]
= 0. (17)
Again, assuming that the determinant is null, follows the equality:
(α2 − µ)(e−√µǫ − e√µǫ) = 0,
since µ 6= 0, we have µ = α2, i.e., λ = −α2. It follows from ψ′(0) + αψ(0) = 0 that the
eigenfunction associated with the negative eigenvalue λ = −α2 is
ψ(x) = ce−αx, with c−1 = ‖e−αx‖L2(I).
If λ = 0 then the general solution is ψ(x) = Ax + B and from the boundary conditions it
follows that A = B = 0. Therefore, λ = 0 is not an eigenvalue.
In short, λ0 := −α2 is the first eigenvalues (negative) of the Robin Laplacian on I ( recall the
self-adjointness of −∆Iα) associated with the normalized eigenfunction φ0(y) = ce−αy, c > 0,
i.e.,
−φ′′0 = λ0φ0, 0 < φ0 ∈ H2(I) and
∫ ǫ
0
|φ0|2 dy = 1,
moreover, it satisfies the Robin boundary conditions (14).
3 Infinite and straight planar strips
The purpose of this section is to found that the classic Laplacian −∆Ωǫα in L2(Ωǫ), with a
suitable domain, is self-adjoint. For this purpose a convenient sesquilinear form bΩǫα has been
introduced, whose definition will be made precise below.
Under certain conditions on α at infinity, it is possible to prove the existence of isolated
bound states, i.e., the existence of eigenvalues (of finite multiplicity) below the essential spec-
trum σess(−∆Ωǫα ) of Laplacian. For this purpose, we follow some ideas in [2, 15, 16].
The closed sesquilinear form of interest is bΩǫα ≥ −‖α‖2∞ in L2(Ωǫ), with domain the Hilbert
space H1(Ωǫ),
bΩǫα (φ, ψ) =
∫
Ωǫ
∇φ(x, y)∇ψ(x, y) dxdy
+
∫
R
α(x)
(
tr(φ)(x, ǫ)tr(ψ)(x, ǫ) − tr(φ)(x, 0)tr(ψ)(x, 0)
)
dx,
where tr(φ) denotes the trace in L2(∂Ωǫ) of φ ∈ H1(Ωǫ). Consider the negative Laplacian
−∆Ωǫα : dom(−∆Ωǫα )→ L2(Ωǫ),
with dom(−∆Ωǫα ) = {ψ ∈ H2(Ωǫ) ;ψ satisfies (18)},

−∂ψ
∂y
(x, 0)− α(x)ψ(x, 0) = 0
∂ψ
∂y
(x, ǫ) + α(x)ψ(x, ǫ) = 0
; (18)
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in this section we require α(x) ∈W 1,∞(R).
A lower bound for bΩǫα is initially obtained for φ|Ωǫ with φ ∈ C∞0 (R2) and, by density, for
each φ ∈ H1(Ωǫ). Note that tr(φ|Ωǫ) = φ|Ωǫ in L2(∂Ωǫ), consequently
bΩǫα (φ) ≥
∫
R
[∫ ǫ
0
∣∣∣∣∂φ∂y
∣∣∣∣
2
dy + α(x)
(|φ(x, ǫ)|2 − |φ(x, 0)|2)
]
dx,
since φ(x, ·) ∈ H1(0, ǫ) for a.e. x ∈ R. By an argument in Theorem 2.1, we obtain
bΩǫα (φ) ≥ −‖α‖2∞
∫
Ωǫ
|φ|2 dxdy,
for each φ|Ωǫ with φ ∈ C∞0 (R2). Let φ ∈ H1(Ωǫ) and {φm}∞m=1 a sequence in C∞0 (R2) such
that φm|Ωǫ → φ in H1(Ωǫ). Then, for each φ ∈ H1(Ωǫ) one finds that
bΩǫα (φ) ≥ −β‖φ‖2, with β = ‖α‖2∞. (19)
By standard arguments we can verify that bΩǫα is closed.
In the next theorem we show the self-adjointness of −∆Ωǫα , i.e., that −∆Ωǫα is the Rodin
Laplacian, what we mean as the operator associated with the form bΩǫα .
Theorem 3.6 Suppose that α ∈W 1, ∞(R). Then, the negative Laplacian −∆Ωǫα is the (unique)
self-adjoint operator associated with the sesquilinear form bΩǫα , i.e.,
bΩǫα (φ, ψ) = (φ,−∆Ωǫα ψ)L2
for φ ∈ dom bΩǫα , ψ ∈ dom(−∆Ωǫα ).
The proof is presented through Lemmas 3.7 and 3.8. The first lemma gives some information
on the domain of TbΩǫα , associated with b
Ωǫ
α . It shows that domTbΩǫα ⊂ dom(−∆Ωǫα ). The second
one concludes that TbΩǫα is an extension of −∆Ωǫα . Therefore, we obtain the equality TbΩǫα =
−∆Ωǫα .
Lemma 3.7 Suppose α ∈ W 1, ∞(R). For each F ∈ L2(Ωǫ), every solution ψ ∈ H1(Ωǫ) of
problem
bΩǫα (φ, ψ) = (φ, F )L2(Ωǫ), ∀ φ ∈ dom bΩǫα = H1(Ωǫ), (20)
belongs to dom(−∆Ωǫα ). Consequently, domTbΩǫα ⊂ dom(−∆Ωǫα ).
Proof. For ψ ∈ H1(Ωǫ), let us introduce the quotient of Newton
ψδ(x, y) :=
ψ(x + δ, y)− ψ(x, y)
δ
, 0 6= δ ∈ R.
Since
|ψ(x + δ, y)− ψ(x, y)| =
∣∣∣∣
∫ 1
0
∂ψ
∂x
(x+ δt, y)δ dt
∣∣∣∣ ≤ |δ|
∫ 1
0
∣∣∣∣∂ψ∂x (x+ δt, y)
∣∣∣∣ dt,
we have∫
Ωǫ
|ψδ|2 dxdy ≤
∫ 1
0
[∫
Ωǫ
∣∣∣∣∂ψ∂x (x+ δt, y)
∣∣∣∣
2
dxdy
]
dt =
∫
Ωǫ
∣∣∣∣∂ψ∂x (x, y)
∣∣∣∣
2
dxdy.
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Therefore, ∫
Ωǫ
|ψδ|2 dxdy ≤ ‖ψ‖21,2, ∀ 0 6= δ ∈ R. (21)
If ψ ∈ H1(Ωǫ) is a solution to (20), then ψδ is a solution to the problem
bΩǫα (φ, ψδ) = (φ, Fδ)L2(Ωǫ) −
∫
R
αδ(x)
(
φ(x, ǫ)ψ(x+ δ, ǫ)− φ(x, 0)ψ(x+ δ, 0)
)
dx,
for each φ ∈ H1(Ωǫ). By chosing φ = ψδ and noting that (φ, Fδ)L2(Ωǫ) = −(φ−δ, F )L2(Ωǫ), we
obtain that
bΩǫα (ψδ) = −((ψδ)−δ, F )L2(Ωǫ) −
∫
R
αδ(x)
(
ψδ(x, ǫ)ψ(x+ δ, ǫ)− ψδ(x, 0)ψ(x+ δ, 0)
)
dx. (22)
For simplicity we write bΩα(ψδ) = b
Ω
1 (ψδ) + b
Ω
2 (ψδ), with
b1(ψδ) =
∫
Ω
|∇ψδ|2 dxdy and b2(ψδ) =
∫
R
α(x)
(
|ψδ(x, ǫ)|2 − |ψδ(x, 0)|2
)
dxdy.
By Schwarz inequality, Cauchy inequality, estimate (21), boundedness of α and αδ, and com-
pact embedding of H1(Ωǫ) in L
2(∂Ωǫ), we can produce the following estimates, for t > 0,
|((ψδ)−δ, F )L2(Ωǫ)| ≤ 2‖F‖L2(Ωǫ)‖((ψδ)−δ‖L2(Ωǫ) ≤ t−1‖F‖2L2(Ωǫ) + t‖ψδ‖21,2,
∣∣∣∣
∫
R
αδ(x)
(
ψδ(x, ǫ)ψ(x+ δ, ǫ)− ψδ(x, 0)ψ(x+ δ, 0)
)
dx
∣∣∣∣
≤ ‖α‖∞‖ψδ‖L2(∂Ωǫ)‖ψ‖L2(∂Ωǫ) ≤ C‖ψδ‖1,2‖ψ‖1,2,
with C > 0 independent of δ,
∣∣bΩ2 (ψδ)∣∣ ≤
∣∣∣∣
∫
Ω
α(x)
∂
∂y
|ψδ|2 dxdy
∣∣∣∣ ≤ 2‖α‖∞‖ψδ‖L2(Ωǫ)‖∂2ψδ‖L2(Ωǫ) ≤ t−1‖α‖2∞‖ψ‖21,2 + tbΩ1 (ψδ).
On the one hand, provided that bΩα(ψδ) = b
Ω
1 (ψδ) + b
Ω
2 (ψδ), one has
bΩα(ψδ) ≥ (1− t)bΩ1 (ψδ)− t−1‖α‖2∞‖ψ‖21,2.
On the other hand, the identity (22) produces
∣∣bΩα(ψδ)∣∣ ≤ C‖ψδ‖1,2‖ψ‖1,2 + (t−1‖F‖2L2(Ωǫ) + t‖ψδ‖21,2).
So,
(1− t)bΩ1 (ψδ)− t−1‖α‖2∞‖ψ‖21,2 ≤ C‖ψδ‖1,2‖ψ‖1,2 +
(
t−1‖F‖2L2(Ωǫ) + t‖ψδ‖21,2
)
.
Now, suppose that 0 < t < 1 and add (1 − t)‖ψδ‖22 to both sides of the above inequality, to
obtain
(1− t)‖ψδ‖21,2 ≤ C‖ψδ‖1,2‖ψ‖1,2 + t−1‖F‖2L2(Ωǫ) + t‖ψδ‖21,2 + t−1‖α‖2∞‖ψ‖21,2
+ (1− t)‖ψδ‖22.
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Therefore,
0 ≤ (2t− 1)‖ψδ‖21,2 + C‖ψδ‖1,2‖ψ‖1,2 +
(
t−1‖F‖2L2(Ωǫ) + t−1‖α‖2∞‖ψ‖21,2 + (1 − t)‖ψ‖21,2
)
.
Thus, we assume that 0 < t < 1/2, so that the dominant term of the quadratic function
is negative, consequently we have ‖ψδ‖21,2 ≤ C˜, with C˜ independent of δ. But, this estimate
implies
sup
δ
‖ψ−δ‖1,2 <∞,
and since H1(Ωǫ) is reflexive, every bounded sequence has a weakly convergent subsequence,
then there is v ∈ H1(Ωǫ) and a subsequence δk → 0 such that ψ−δk w→ v in H1(Ωǫ). Hence,∫
Ωǫ
ψ∂xφdxdy =
∫
Ωǫ
ψ lim
δk→0
φδk dxdy = lim
δk→0
∫
Ωǫ
ψφδk dxdy
= − lim
δk→0
∫
Ωǫ
ψ−δkφdxdy = −
∫
Ωǫ
vφdxdy.
Therefore, ∂xψ = v in the weak sense, and so ∂xψ ∈ H1(Ωǫ). Consequently, ∂xxψ ∈ L2(Ωǫ) and
∂yxψ ∈ L2(Ωǫ). It follows from the standard elliptic regularity theorems (see [9] Theorem 1,
page 309) that ψ ∈W 2,2loc (Ωǫ), so −∆ψ = F a.e. in Ωǫ. Hence, ∂yyψ = −(F + ∂xxψ) ∈ L2(Ωǫ),
and therefore ψ ∈W 2,2(Ωǫ).
Finally, it remains to verify that ψ satisfies the boundary conditions. After integration by
parts
(φ, F )L2(Ωǫ) = b
Ωǫ
α (ψ, φ) = (φ,−∆ψ)L2(Ωǫ) +
∫
R
φ(x, 0)[−∂yψ(x, 0)− α(x)ψ(x, 0)] dx
+
∫
R
φ(x, ǫ)[∂yψ(x, ǫ) + α(x)ψ(x, ǫ)] dx
for each φ ∈ H1(Ωǫ). This implies the boundary conditions, because −∆ψ = F a.e. in Ωǫ and
φ is arbitrary. 
Lemma 3.8 Suppose that α ∈W 1, ∞(R). Then Tα = −∆Ωǫα .
Proof. Let ψ ∈ dom (−∆Ωǫα ), then ψ ∈W 2, 2(Ωǫ) and it satisfies the boundary conditions (18).
By integration by parts and (18) we obtain, for each φ ∈ dom bΩǫα , the identity
bΩǫα (φ, ψ) =
∫
R
φ(x, ǫ)∂yψ(x, ǫ) dx −
∫
R
φ(x, 0)∂yψ(x, 0) dx−
∫
Ω
φ(x, y)∆ψ(x, y) dxdy
+
∫
R
α(x)φ(x, ǫ)ψ(x, ǫ) dx−
∫
R
α(x)φ(x, 0)ψ(x, 0) dx = (φ,−∆ψ)L2(Ωǫ).
Thus, ψ ∈ domTα, and it follows that Tα is an extension of −∆Ωǫα . It follows, by Lemma 3.7,
the desired equality. 
10
4 The spectrum of the Robin Laplacian in Ωǫ
Here we investigate the spectrum of the operator −∆Ωǫα when the Robin parameter (function) α
in W 1,∞(R) satisfies the condition
lim
|x|→+∞
(α(x) − α0) = 0, (23)
i.e, given δ > 0 there exists a > 0 such that |α(x) − α0| < δ whenever |x| > a. Denote
β := (α− α0) and define the functions
βm =
{
α− α0, if |x| < m
0 , if |x| ≥ m . (24)
This sequence of bounded functions with compact support converges to β in L∞(R).
In case that (23) holds, we prove that the essential part σess(−∆Ωǫα ) of the spectrum −∆Ωǫα is
the interval [−α20,∞). This statement is the content of Theorem 4.10, whose proof is performed
in two steps, that is, Propositions 4.11 and and 4.13, whose proofs were inspired in [2]. The
proof of Proposition 4.11 makes use of the so-called called Weyl criterion for the essential
spectrum (see [4], Theorem 11.2.7), which we recall.
Lemma 4.9 (Weyl criterion) Let T be a self-adjoint operator in a complex Hilbert space H.
Then, λ ∈ σess(T ) iff there exists a sequence {ψn}∞n=1 ⊂ domT such that
1) ‖ψn‖ = 1, ∀n ∈ N;
2) ψn
w−→ 0, as n→∞ in H;
3) (T − λ)ψn → 0, as n→∞.
Such a sequence is called a singular Weyl sequence for T at λ.
Lemma 4.10 For each α0 ∈ R, [−α20,+∞) ⊂ σess(−∆Ωǫα0 ).
Proof. Let λ ∈ [µ0,∞) with µ0 = −α20. So, one can write λ = µ0 + t, with t ∈ [0,+∞). We
denote by −∆R the Laplacian operator in L2(R). It is well known that σess(−∆R) = [0,+∞).
Hence, there is a singular Weyl sequence {φn}+∞n=1 for −∆R at t. Define the sequence {ψn}+∞n=1
as ψn(x, y) = φn(x)φ0(y) with φ0 = c(α0)e
−α0y the eigenfunction (normalized) of −∆Iα0 ,
associated with the first eigenvalue µ0 = −α20. Note that {ψn}∞n=1 ⊂ dom (−∆α0). It is easy
to check that ‖ψn‖L2(Ωǫ) = 1, for each n ∈ N, and ψn w−→ 0, in L2(Ωǫ), and also that
(−∆Ωǫα − λ)ψn → 0, in L2(Ω), since
(−∆Ωǫα0 − λ)ψn = [(−∆R − t)φn]φ0 + [(−∆Iα0 − µ0)φ0]φn −→ 0.
Hence {ψn}∞n=1 is a singular Weyl sequence for −∆Ωǫα0 at λ and, by Lemma 4.9, λ ∈ σess(−∆Ωǫα0 ).

Proposition 4.11 For each α0 ∈ R, σess(−∆Ωǫα0 ) = [−α20,∞).
Proof. Indeed, by Lemma 4.10 we have that [−α20,∞) ⊂ σess(−∆Ωǫα0 ). On the other hand,
we have the lower bound bΩǫα0 ≥ −α20, consequently σess(−∆Ωǫα0 ) ⊂ [−α20,∞). Therefore, the
following holds
σess(−∆Ωǫα0 ) = [−α20,∞).

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Lemma 4.12 Let α0 ∈ R and ϕ ∈ L2(∂Ωǫ). Then, there exists a positive constant C, depend-
ing on ǫ and |α0|, such that any solution ψ ∈W 2,2(Ωǫ) of the boundary value problem

(−∆− λ)ψ = 0 in Ωǫ
−∂ψ
∂y
(x, 0)− α0ψ(x, 0) = ϕ(x, 0)
∂ψ
∂y
(x, ǫ) + α0ψ(x, ǫ) = ϕ(x, ǫ)
, (25)
with any λ < 0, satisfies the estimate
‖ψ‖1,2 ≤ C‖ϕ‖L2(∂Ωǫ). (26)
Proof. Multiplying the first equation of (25) by ψ and integrating by parts, one can produce
the identity ∫
Ωǫ
|∇ψ|2 dxdy + α0
∫
∂Ωǫ
|ψ|2ν2 dσ − λ
∫
Ωǫ
|ψ|2 dxdy =
∫
∂Ωǫ
ϕψν2 dσ,
where ν2 denotes the second component of the outward unit normal vector to ∂Ωǫ. Using the
Schwarz and Cauchy inequalities, recalling that |ν2| = 1, and the embedding of H1(Ωǫ) in
L2(∂Ωǫ), we have, for t ∈ (0, 1),∣∣∣∣
∫
∂Ω
α0|ψ|2ν2 dσ
∣∣∣∣ =
∣∣∣∣
∫
Ω
α0
∂
∂y
|ψ|2 dxdy
∣∣∣∣ ≤ 2|α0|‖ψ‖L2(Ωǫ)‖∂2ψ‖L2(Ωǫ)
≤ t−1|α0|2‖ψ‖2L2(Ωǫ) + t‖∇ψ‖2L2(Ωǫ) ≤ t−1|α0|2‖ψ‖21,2 + t‖∇ψ‖2L2(Ωǫ) ,∣∣∣∣
∫
∂Ω
ϕψν2 dσ
∣∣∣∣ ≤ 2‖ψ‖L2(∂Ωǫ)‖ϕ‖L2(∂Ωǫ) ≤ t−1‖ϕ‖2L2(∂Ωǫ) + t‖ψ‖2L2(∂Ωǫ)
≤ t−1‖ϕ‖2L2(∂Ωǫ) + tC˜‖ψ‖21,2,
where C˜ is the constant from the embedding of H1(Ωǫ) in L
2(∂Ωǫ). By the above estimates,
we obtain (
1− t− λ− t|α0|2 − tC˜
)‖ψ‖21,2 ≤ t−1‖ϕ‖2L2(∂Ωǫ).
The desired conclusion follows by choosing t > 0 small enough so that the coefficient of ‖ψ‖21,2
becomes positive. 
Proposition 4.13 Suppose that α ∈ W 1,∞(R). If lim
|x|→+∞
(α(x) − α0) = 0, then for each
λ ∈ ρ(−∆Ωǫα ) ∩ ρ(−∆Ωǫα0 ) the operator (−∆Ωǫα − λ)−1 − (−∆Ωǫα0 − λ)−1 is compact in L2(Ωǫ).
Proof. Due to the first resolvent identity, it is enough to prove the result for a negative λ
in the intersection of the respective resolvent sets. Consider {φj}∞j=1 ⊂ L2(Ωǫ) bounded and
let ψj = (−∆Ωǫα − λ)−1φj − (−∆Ωǫα0 − λ)−1φj ; note that ψj satisfies the first equation in (25).
Moreover, inserting ψj into the second or third equation we obtain(
∂
∂y
+ α0
)
ψj =
(
∂
∂y
+ α0
)(
(−∆Ωǫα −λ)−1φj−(−∆Ωǫα0−λ)−1φj
)
= (α0−α)tr(−∆Ωǫα −λ)−1φj ,
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so that we take now ϕ = (α0−α)tr(−∆Ωǫα −λ)−1φj , where tr denotes the trace operator from
H1(Ωǫ) ⊃ dom(−∆Ωǫα ) to L2(∂Ωǫ). By Lemma 4.12, we have
‖ψj − ψk‖1,2 ≤ C
∥∥((α0 − α)tr(−∆Ωǫα − λ)−1)(φj − φk)∥∥L2(∂Ωǫ) .
Under the assumption that βtr(−∆Ωǫα −λ)−1 is a compact operator, it follows that the sequence
{ψj}∞j=1 is precompact in the topology of H1(Ωǫ), and with a help of the above inequality one
can establish that (−∆Ωǫα − λ)−1 − (−∆Ωǫα0 − λ)−1 is a compact operator in L2(Ωǫ).
Let us verify the compactness of the operator βtr(−∆Ωǫα − λ)−1. One can show that the
sequence of operators βmtr(−∆Ωǫα −λ)−1 converges to βtr(−∆Ωǫα −λ)−1 in norm, since ‖βm−
β‖L∞(R) → 0 in L∞(R). On the other hand, we shall prove that each operator βmtr(−∆Ωǫα −
λ)−1 is compact. Indeed, given {un}∞n=1 bounded in L2(Ωǫ) one has vn = (−∆Ωǫα − λ)−1un
bounded inH1(Ωǫ), then there exists a subsequence, which we still denote by vn, and a function
v ∈ H1(Ωǫ) such that vn → v weakly in H1(Ωǫ). Since H1(Ωǫ) is compactly embedded in
L2(Ωm), where Ωm = (−m,m)× (0, ǫ) ⊂ Ωǫ, due to the Rellich-Kondrachov theorem (see [1],
Sec. VI.), then vn → v in L2(Ωm). According to the definition of βm, we have
‖βmtr(vn)− βmtr(vl)‖L2(∂Ωǫ) = ‖β
(
tr(vn)− tr(vl)
)‖L2(∂Ωm) ≤ Cm‖β‖∞‖vn − vl‖L2(Ωm).
It follows that βmtr(vn) is a Cauchy sequence and thus limn→∞ βmtr(vn) exists, for each
positive integer m. Therefore, the operators βmtr(−∆Ωǫα − λ)−1 are compact. 
Theorem 4.14 Let α ∈W 1,∞(R). If lim
|x|→+∞
(α(x) − α0) = 0, then
σess(−∆Ωǫα ) = [−α20,∞).
Proof. According to Proposition 4.13, the operator (−∆Ωǫα −λ)−1− (−∆Ωǫα0 −λ)−1 is compact
in L2(Ωǫ); then, by Theorem XIII.14 in [22], the essential spectrum of −∆Ωǫα and −∆Ωǫα0 are
identical. 
4.1 Existence of discrete spectrum
Now, based on [15, 16, 19] and under appropriate conditions, we shall give a variational ar-
gument to conclude that σ(−∆Ωǫα ) ∩ (−∞,−α20) 6= ∅. This, together with Theorem 4.10,
implies that the spectrum below −α20 is nonempty and formed by isolated eigenvalues of finite
multiplicity, i.e., σdisc(−∆Ωǫα ) 6= ∅.
Theorem 4.15 Suppose that (α(x) − α0) ∈ W 1,∞(R), with α0 > 0 (α0 < 0). If, moreover,
(α(x) − α0) is integrable with∫
R
(α(x) − α0) dx > 0
(∫
R
(α(x) − α0) dx < 0
)
and lim
|x|→+∞
(α(x) − α0) = 0, then
inf σ(−∆Ωǫα ) < −α20.
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Proof. Following [15], we wish to obtain a trial function ψ from the form domain of −∆Ωǫα
such that the quadratic form QΩǫα (ψ) < 0, where
QΩǫα (φ) = b
Ωǫ
α (φ) + α
2
0‖φ‖22, domQΩǫα = dom bΩǫα .
Let ζ be a cut-off function, that is, we fix a function ζ ∈ C∞0 (R), with 0 ≤ ζ ≤ 1, and
ζ ≡ 1 on (−1/4, 1/4), ζ ≡ 0 on R\(−1/2, 1/2) and ‖ζ‖2 = 1. Given φ0 as defined in the
proof of Lemma 4.10. Consider the sequence {un}∞n=1 of functions into dom bΩǫα , defined by
un(x, y) = fn(x)φ0(y) where fn(x) = ζ(x/n). By integration by parts and using the boundary
conditions of φ0, we obtain
QΩǫα (un) = n
−1‖ζ ′‖22 + ‖fn‖22
∫ ǫ
0
(|∂yφ0|2 + α20|φ0|2) dy +
∫
R
α(x)|fn|2(|φ0(ǫ)|2 − |φ0(0)|2) dx.
Since ∫ ǫ
0
(
|∂yφ0|2 + α20|φ0|2
)
dy = −α0(|φ0(ǫ)|2 − |φ0(0)|2),
we have
QΩǫα (un) = n
−1‖ζ ′‖22 + (|φ0(ǫ)|2 − |φ0(0)|2)
∫
R
(
α(x) − α0
)|fn|2 dx,
since |fn(x)(α(x)−α0)| ≤ |α(x)−α0| and fn(x)→ 1 as n→∞, we can apply the Dominated
Convergence Theorem, because |α(x) − α0| ∈ L1(R), to get
lim
n→∞
QΩǫα (un) = (|φ0(ǫ)|2 − |φ0(0)|2)
∫
R
(α(x) − α0) dx < 0.
Then, there exists some uN ∈ dom bΩǫα such that bΩǫα (uN ) < −α20. It follows that, by invoking
Rayleigh-Ritz Theorem, inf σ(−∆Ωǫα ) < −α20. Consequently, σ(−∆Ωǫα ) ∩ (−∞,−α20) 6= ∅. 
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